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We show that the instanton-induced inelastic processes, leading to multi-gluon production in high-
energy parton-parton scattering, are considerably enhanced over the quasi-elastic ones, by a factor
of 100. The basic instanton-induced inelastic contribution cause the parton-parton cross section to
increase as ln s, and their Poisson resummation in hadron-hadron scattering yield a regge-type cross
section. The pomeron slope and intercept due to instanton-induced contributions are evaluated. We
show that the small intercept is due to the diluteness of the instantons in the QCD vacuum, while
the small slope is related to the smallness of the instanton sizes.
I. INTRODUCTION
QCD instantons [1,2] play an important role in the
composition of the vacuum and its hadronic excita-
tions [3]. This viewpoint is strongly supported by de-
tailed lattice simulations [3]. Naturally most hadronic
substructure, whether in the form of constituent quarks
or gluons, should also be important for hadronic reac-
tions at high energies. The problem in translating vac-
uum physics to high energy scattering has been strongly
limited by technical issues, an important one being the
Euclidean nature of instanton physics and the inherent
light-cone character of high-energy kinematics. As a re-
sult, the theory of high energy processes remains mostly
perturbative, as best illustrated by the BFKL ladder re-
summation [4] in the hard regime, with exchange mo-
menta much larger than 1 GeV.
This not withstanding, a rich pomeron phenomenology
has been developed prior and through QCD. We will not
be able to render justice here to all relevant papers. Par-
ticularly important for us is the formulation based on the
eikonal expansion for the high energy parton-parton cross
section, originally suggested by Nachtmann [7]. Similar
expressions for structure functions were also suggested
by Muller [8]. Ideas using instanton effects for high
energy QCD processes were also recently discussed, for
dipole cross sections in [9], and the soft pomeron problem
in [10,11] (KKL).
Recently, we have suggested a non-perturbative ap-
proach to high energy scattering using instantons [6].
The eikonalized near-forward parton-parton scattering
amplitude was reduced to a pertinent correlation function
of two (or more) straight Wilson lines, which were ana-
lyzed in Euclidean space using instantons. The lines at
an arbitrary angle θ, which is then analytically continued
to Minkowski space by the trick y = −iθ where y is the
Minkowski rapidity. A similar construction was applied
recently to nonperturbative parton-parton scattering in
supersymmetric theories using the AdS/CFT correspon-
dence [12], where on the boundary large N instantons
are expected to saturate exactly the diffractive cross sec-
tion. (Incidentally, most of the arguments to follow can
be checked exactly in these theories using instanton cal-
culus). In the instanton field the parton Wilson lines in-
volve multi-gluon exchange as depicted in Fig. 1, with no
need for initial and final state multi-gluon resummation.
Our analysis has shown that the cross section for “quasi-
elastic” (color-transfer) parton-parton and dipole-dipole
scattering is constant at large
√
s.
In this paper we extend our original analysis to
“truly inelastic” parton-parton scattering amplitudes,
with prompt parton production. Such partonic pro-
cesses have new particle lines crossing the unitarity cut
as shown in the lower-left part of Fig. 1. Similar pro-
cesses have been studied in the early 90’s, in the context
of baryon-number violation in the electroweak theory [5].
In the latter it was shown that multiple gluon produc-
tion can also be calculated semi-classically, through inter-
acting instanton-antiinstanton configurations or stream-
lines [13] which interpolate between a well separated
instanton-antiinstanton and the vacuum. By combining
the semi-classical treatment of multiple incoming gluons,
as done in [6], with the stream-line-based treatment of
multiple outgoing gluons, we can completely bypass the
perturbative expansion, as indicated in the lower-right
part of Fig. 1. Contacts with perturbation theory follow
by expanding the instanton contributions in powers of
the field in the weak-field limit.
In this paper we will not develop a quantitative theory
of hadronic collisions (as that require further modeling)
and consider only the basic process involving inelastic
quark-quark scattering. For clarity, it is important that
the underlying assumptions in our analysis be spelled out
from the onset. Throughout, the scattering processes are
understood to undergo three sequential stages:
i. initial stage: Partons are initially described by
some wave-function in a fixed frame (say the CM), de-
pending on their transverse momenta and rapidities 1.
The through-going partons should be formed outside of
1The parton model is of course frame and scale specific: par-
tons which belong to a wave function of one colliding hadron
in a given frame, can belong to another hadron wave function
in another frame. The normalization scale is basically given
by the inverse instanton size.
1
the instanton of mean size ρ0 with k
2
⊥/
√
s ≤ 1/ρ0, while
the wee partons (the opposite condition) are not in the
wave function but included in the cross section. The for-
mers are assumed to move along the eikonalized straight
Wilson lines, while the latters are part of the process.
ii. prompt stage: In it the incoming partons pass
each other. Color of through-going partons could be
changed (quasi-elastic), or new partons/hadrons could
appear (inelastic). In analogy with the perturbative
treatment, confinement is ignored at this stage, since the
passage time is short (of order 1/
√
s). All partons inter-
act with instantons.
iii. final stage: In it all produced partons fly away,
some dragging longitudinal color strings of matching
color. String breaking happens with probability one, thus
cross sections are not affected. These eventually produce
the physical final states with multiple hadrons.
All partonic amplitudes to be assessed, will take place in
the prompt regime. We assume that by duality, the total
partonic cross sections match the hadronic cross sections.
In section 2, we give an overview of the salient physical
points of this work. In section 3, we give a brief account
of the instanton-induced quasi-elastic (color-transfer),
parton-parton scattering amplitude as reported in [6].
We also report on novel issues regarding the character
of the weak-field limit in light of perturbation theory,
as well as the absence of odderons in instanton-induced
processes. In section 4 we argue that the full inelastic
contribution to the parton-parton scattering amplitude
follows semi-classically from the QCD streamline config-
uration. The result is a remarkable enhancement in the
inelastic scattering amplitude, limited only by the uni-
tarity bound. In section 5 we show that a statistical
resummation of the enhanced pair cross sections yield a
reggeized hadron-hadron scattering cross section. The
pomeron intercept and slope are sensitive to the QCD
vacuum parameters, and as it turns out, even to the in-
stanton shapes. In section 6 we draw a parallel between
the Weizsacker-Williams approximation to inelastic scat-
tering and the weak field limit of the semi-classical analy-
sis, and discuss which instanton-induced form-factors are
the pertinent ones. In section 7 we discuss additional con-
tributions to the diffractive process not retained in our
analysis. Our conclusions and outlook are summarized
in section 8.
II. PHYSICAL HIGHLIGHTS
The ubiquitous character of the instantons in the non-
perturbative QCD vacuum, as now established both the-
oretically and numerically, leads naturally to their im-
portance in partonic scattering during the collision time
(prompt stage). In particular, instantons prove essen-
tial for discriminating perturbative from nonperturba-
tive effects. Indeed, whenever instanton effects are in-
cluded (even in lowest order) one can often locate the
non-perturbative boundary in perturbation theory, and
even makes meaningful predictions a little beyond it [3].
Although in QCD instanton-induced effects have a small
appearance probability (density) n0 ≈ e−2pi/αs , they cor-
respond to strong (classical) fields A ≈ 1/g. Hence, any
interaction with a parton of charge g is gA ≈ 1 which is
independent of the charge. In contrast to perturbation
theory, there is no additional penalty for adding partons
to the amplitude. Therefore, the instanton-induced am-
plitudes overcome the perturbative amplitudes at high
enough order. Indeed, recently we have suggested [6]
that instantons would dominate collisions with multiple
color exchanges between partons, leading to the higher
observed hadronic multiplicities.
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FIG. 1. Schematic representation of the amplitude
squared, with (without) gluon lines are shown in the left
(right) side of the figure. The dotted vertical line is the uni-
tarity cut. The upper panel illustrates the quasi-elastic (at
the parton level) amplitudes where only color is exchanged as
detailed in [6]. The lower panel depicts inelastic processes in
which some gluons cross the unitarity cut, and some gluons
are absorbed in the initial stage.
The important question regarding the transition from
the perturbative regime to the instanton dominated
(semiclassical) regime in parton-parton collisions, de-
pends critically on the numerical parameters character-
izing the QCD vacuum. There are essentially two key
parameters [14] (see also [6] for some details). The in-
stanton (plus anti-instanton) density n0 ≈ 1 /fm4 and the
mean instanton size ρ0 ≈ 1/3 fm yield the dimensionless
diluteness κ0 = n0ρ
4
0 ≈ 0.01 of the instanton vacuum 2.
The mean instanton action is S0 = 2π/αs ≈ 10 − 15.
Each time an instanton is inserted it costs a small fac-
tor κ0. However, there are no coupling constants, and so
2For comparison we note that in the electroweak theory the
diluteness factor is 10−84 despite the fact that the coupling is
only three times smaller than in QCD.
2
each time we compare the results with their perturbative
counterparts we get powers of the large action S0, with a
net gain per gluon involved. Numerically the instanton-
induced effects should dominate the perturbative effects
from third order and on (κ0 S
2
0 ≈ 1), while they com-
parable to second order. Of course this argument is too
naive, there maybe other factors and so on, but we believe
the argument captures the main reason why instanton-
induced processes dominate the inelastic parton-parton
cross sections.
The quasi-elastic (QE) parton-parton scattering cross
section [6], produces a cross section of order
σQE ≈ πρ20 κ20 , (1)
which is small in comparison to the one-gluon exchange
(OGE) result at the same scale3
σOGE ≈ πρ2∗ (αs/π)2 . (2)
Below, we show that the instanton-induced parton-
parton inelastic cross section is significantly enhanced
σ ≈ πρ20 κ0 , (3)
by one power of the diluteness factor κ0, even though it
produces about S0 ≈ 10 − 15 gluons. The perturbative
contributions to the inelastic cross section are suppressed.
Indeed, a one-gluon production yields 4
σgg→ggg ≈ π ρ2∗ (αs/π)3 . (4)
As a result, the instanton-induced effects dominate the
perturbative contributions in the growing part of the in-
elastic cross section.
The distribution over the invariant mass Q of the pro-
duced gluons, deposited by the wee incoming partons
onto the instanton, will be calculated in a specific uni-
tarization model. In the weak field limit the growth in
the inelastic cross section gg → any is captured by the
“holy-grail function”
σgg→any(Q) ≈ eF (Q/Qs) , (5)
studied in the baryon number violating processes in
the standard model [5]. It peaks around the so called
sphaleron energy, which in QCD is given by the mean
instanton size ρ0
Es = Qs/ρ0 ≈ 3π/(4ρ0αs) ≈ 2GeV , (6)
for ρ0 ≈ 1/3 fm and αs ≈ 1/2. Below this sphaleron en-
ergy the cross section is small but rapidly growing. As
shown by Khoze and Ringwald [5], this growth can be
3The infrared sensitivity in OGE is cutoff by 1/
√−t ≈ ρ∗.
4Both the instanton-induced and perturbative amplitudes
yield ln s enhancements that are summed.
technically attributed to a moving saddle point, reduc-
ing the relative distance between an instanton and its
conjugate antiinstanton, thereby decreasing their initial
action of 2S0. Reliable calculation can be carried out
in this region. The increase in the inelastic amplitude
is stopped by unitarity constraints, as suggested by Za-
kharov [15], precisely when the total instanton action is
reduced from 2S0 to S0. The specifics of the unitarization
process to be discussed below will follow on the qualita-
tive arguments suggested by Maggiore and Shifman [16].
Aside from technicalities, the physical meaning of their
arguments is simple: if there is enough energy for the
system to reach the top of the barrier (the sphaleron),
its consecutive decay follows with unit probability. All
what is needed is that the “wee partons” (the field of
the through-moving hard partons) can encounter an in-
stanton and deposit about 2 GeV of invariant mass. The
tunneling probability at low energy on the other hand
can be considered as a product of the amplitude to get
on and off the barrier: hence the instanton amplitude
appears twice. In QCD this enhancement of the inelas-
tic processes with multi-gluon production amounts to the
gain κ20 → κ0 which is an enhancement by a factor of the
order of a 100 in the inelastic cross section relative to the
quasi-elastic one 5.
Although we do not use the concept of t-channel gluon
exchanges (as they are summed into the eikonalized
phases), some of its features remarkably survive. Already
in the quasi-elastic process only the octet color exchange
survives the high-energy limit [6]. The same feature car-
ries over to the inelastic processes we now consider where
only the octet color is transmitted from each parton line.
Of course they should be in the same SU(2) subgroup
to interact with a given instanton. In general, these re-
strictions on the possible color representations disagree
with the exponentiation of multi-gluon production, lead-
ing to the semiclassical theory we use. In a way, this
resembles the trade between using canonical as opposed
to micro-canonical (more accurate) ensemble in statisti-
cal mechanics. Presumably our assessment of the total
cross section is still good, since the number of produced
gluons is large, Ng ≈ S0 ≈ 10− 15.
The questions regarding the “sphaleron decay modes”
(their decomposition into various channels) will be dis-
cussed elsewhere. We note that in recent phenomenolog-
ical studies [10,9] of high-energy scattering only colorless
channels (the rangs of ladders) were considered, e.g. 0++
(scalar glueball) and ππ (scalar). Although these states
may contribute to the “sphaleron decay modes”, espe-
cially in light of the closeness of the 0++ mass to the
5The analogous electroweak instanton-induced cross section
is increased by about 85 orders of magnitude due to the same
enhancement: but it still remains far below any observable
rate because one power of small diluteness is there.
3
sphaleron energy (6), we expect on general grounds ad-
ditional contributions involving colored states as well.
Finally, we will show how the logarithmic growth in
the instanton-induced parton-parton scattering ampli-
tude takes place. Empirically, the growth is fitted at
about s ≈ 100 GeV2. In this regime, the number of
through-going effective partons can still be considered
small and fixed with qqq for the nucleon and q¯q for
mesons and photons (plus possibly some “primordial”
glue from the QCD strings). At higher energies (although
well below the Froissart bound) the power growth takes
place, with possibly several effects contributing to it. The
first and the simplest contribution (to be discussed in this
work) is that since the elementary cross section grows,
more parton-parton interaction takes place. Since the
hadron size is large compared to that of the instanton
R2H/ρ
2
0 ≈ 10≫ 1, we think that double, triple etc parton
collisions will take place in a statistically independent
way (Poisson). A straightforward resummation of the
compounded probabilities yields a total hadronic cross
section that approximately reggeizes
σH(s, t) ≈ π R2H s∆(t) , (7)
with ∆(t) of order κ0. In a way, we may think of ∆(t)
as the square of the instanton-induced form factor. The
second contribution is a re-interaction of one of the pro-
duced gluons, leading to instanton ladders as considered
in KKL [11]. The third and final contribution may stem
from rescattering through the “primordial” partons at
small x in the wave function, even at the low normal-
ization point under consideration. These effects are not
included in our “wee” partons which are separated in the
transverse plane by a distance larger than ρ0 from all
others.
III. QUASI-ELASTIC SCATTERING
In this section we will recall the quasi-elastic results
derived in [6]. This will help us streamline the notation
and facilitate the comparison with the inelastic results
to follow. We also discuss issues related to instantons
in the weak-field limit, and show that instanton-induced
processes do not discriminate between C-even and C-odd
effects in the t-channel, despite their multi-gluon struc-
ture.
A. The Eikonal Approximation
Using the eikonal approximation and LSZ reduction,
the scattering amplitude T for quark-quark scattering
reads [7]
TAB,CD(s, t) ≈ −2is
∫
d2b eiq⊥·b
×
〈
(W1(b)− 1)AC (W2(0)− 1)BD
〉
, (8)
where
W1,2(b) = Pcexp
(
ig
∫ +∞
−∞
dτ A(b + v1,2τ) · v1,2
)
. (9)
The 2-dimensional integral in (8) is over the impact pa-
rameter b with t = −q2⊥, and the averaging is over the
gauge configurations using the QCD action. AB and
CD are the incoming and outgoing color and spin of the
quarks.
In Euclidean geometry, the kinematics is fixed by not-
ing that the Lorenz contraction factor translates to
cosh y =
1√
1− v2 =
s
2m2
− 1→ cos θ . (10)
Scattering at high-energy in Minkowski geometry follows
from scattering in Euclidean geometry by analytically
continuing θ → −iy in the regime y ≈ log (s/m2) ≫ 1.
It is sufficient to analyze the scattering for p1/m =
(1, 0, 0⊥), p2/m = (cosθ ,−sinθ, 0⊥), q = (0, 0, q⊥) and
b = (0, 0, b⊥). The Minkowski scattering amplitude at
high-energy can be altogether continued to Euclidean ge-
ometry through
TAB,CD(θ, q) ≈ 4m2 sin θ
∫
d2b eiq⊥·b
×
〈
(W(θ, b)− 1)AC (W(0, 0)− 1)BD
〉
, (11)
where
W(b, θ) = Pcexp
(
ig
∫
θ
dτ A(b + vτ) · v
)
, (12)
with v = p/m. The line integral in (12) is over a straight-
line sloped at an angle θ away from the vertical. Correc-
tions to the eikonal approximation will be discussed in
the next section.
B. Quasi-Elastic Amplitude
At large
√
s the one-instanton contribution to the
color-elastic parton-parton scattering amplitude drops as
1/
√
s [6]. However, the two-instanton contribution to the
color inelastic part survives [6]. To set up the notation,
consider the untraced and tilted Wilson line in the one-
instanton background
W(θ, b) = cosα− iτ · nˆ sinα , (13)
where
na = Rab ηbµν x˙µ(z − b)ν = Rab nb , (14)
and α = πγ/
√
γ2 + ρ2 with
γ2 = n · n = n · n
= (z4sin θ − z3cos θ)2 + (b− z⊥)2 . (15)
4
The one-instanton contribution to the scattering ampli-
tude (11) reads
TAB,CD(θ, q) ≈ sin θ
∫
d2b eiq⊥·b
∫
dI
×((cosα− 1)AC′ − iRaα nα (τa)AC′ sinα )
×((cosα− 1)BD′ − iRbβ nβ (τb)AC′ sinα ) , (16)
where dI is short for the instanton measure
dI ≡ d4z dn dR→ n0 d4z dR . (17)
The second equality holds for fixed instanton density
n0 = 1/ fm
4 and size ρ0 = 1/3 fm. The tilde parameters
follow from the untilded ones by setting θ = π/2. We
note that γ˜ = γ = |~z|. Note that only the combination
RR survives after analytically continuing to Minkowski
space and taking the large
√
s limit.
The one-instanton contribution to the parton-parton
scattering amplitude survives only in the color-changing
channel a situation reminiscent of one-gluon exchange [6].
As a result, the quasi-elastic parton-parton cross section
receives a finite two-instanton contribution at large
√
s.
The unitarized parton-parton partial differential cross
section reads
dσ
dt
≈ 1
s2
∑
CD
∣∣ T BDAC ∣∣2 , (18)
with the averaging over the initial colors A,B under-
stood. Simple algebra followed by the analytical con-
tinuation θ → −iy, yield [6]
dσ
dt
≈ 16n
2
0
N2c (N
2
c − 1)
∣∣∣∣
∫
db eiq·b Fss
(
b
ρ0
)∣∣∣∣
2
. (19)
The one-instanton form factor Fss is defined as
Fss
(
b
ρ0
)
=
∫
d4z
(z⊥ − b) · z⊥
γ˜ γ˜
sin α˜ sinα˜ . (20)
In terms of (19), the quasi-elastic two-instanton contribu-
tion to the forward parton-parton scattering amplitude
is
σ(t = 0) ≈ 16n
2
0
N2c (N
2
c − 1)
×
∫ ∞
0
dq2⊥
∣∣∣∣
∫
db eiq⊥·b Fss
(
b
ρ0
) ∣∣∣∣
2
, (21)
which is finite at large
√
s. Hence, for forward scattering
partons in the instanton vacuum model, we expect [6]
σqq ≈ πρ20 κ20 , (22)
which is suppressed by two powers of the density. (21) is
the instanton-induced generalization of the 2-gluon result
derived by Low [17].
C. No Odderon
In the early model by Low [17] and Nussinov [18],
the near-forward high-energy scattering amplitude is de-
scribed by a perturbative two-gluon exchange in the t-
channel, which is C-parity even. Hence the qq and q¯q
cross sections are the same to this order, a result that
appears to be supported by experiment. Indeed, the dif-
ference σp¯p − σpp decreases at large
√
s [19].
However perturbation theory also allows for higher or-
der corrections, e.g. SU(3) allows for a colorless combi-
nation of 3 gluons. Perturbatively, the odderon/pomeron
ratio is O(αs) and not as suppressed as the data shows.
To fix this problem, a number of ideas have been put for-
ward some of which relying on nucleon specifics (quark-
diquark structure [20]) to cancel the odderon. If that is
the case, the odderon should still be observable in other
hadronic reactions.
In contrast, instanton-induced processes at high en-
ergy do not suffer from the drawbacks of higher-order
corrections. Indeed, even though our quasi-elastic and
even inelastic (see below) amplitudes sum up an indefi-
nite number of gluons, switching a quark to antiquark on
the external line amounts to flipping the sign of the cor-
responding sinα contribution. As there is no interference
between these and the cosα terms at high energy, there
is no odderon in the instanton induced amplitudes. This
is easily understood by noting that an instanton is an
SU(2) instead of an SU(3) field, for which the fundamen-
tal (quark) and the adjoint (antiquark) representations
are equivalent.
D. Weak Field Limit
In the weak-field limit, most of our results [6] simplify
with interesting consequences on conventional perturba-
tion theory. Indeed, instanton-induced amplitudes in-
volve integration over the instanton (antiinstanton) cen-
ter of mass z. So for fixed z and large impact parameter,
the instanton field is weak 6
W − 1 ≈ −ina τa πρ
2
0
2γ2
, (23)
which is conspicuous of a Coulomb field, familiar from
perturbation theory. We now discuss the consequences
of this limit on quark-quark scattering and gluon-gluon
fusion to leading order.
6The shift −1 → +1 amounts to a change from regular to
singular gauge with no consequences for our analysis except
in cancelling the identity in W.
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1. QQ→ QQ
Inserting (23) into the quark-quark scattering ampli-
tude yields after averaging over the global color orienta-
tions R to
TAB,CD ≈ 2is κ0 π
2
tanθ
(τa)AC(τ
a)BD∫
db⊥ e
iq⊥b
∫
dz3 dz
′
3 dz⊥
z− · z+
(z23 + z
2
−)(z
′
3
2 + z2+)
, (24)
where we have defined z± = z⊥± b/2. The z-integrals in
(24) diverge logarithmically. This divergence is similar to
the one encountered in perturbation theory [6] through
the exchange of a t-channel gluon at fixed impact param-
eter b, i.e.
T (θ, b) = 2αs
tan θ
ln
(
T
b
)
. (25)
Hence (24) can be interpreted as the instanton induced
renormalization of the perturbative gluon-exchange re-
sult (25), with
2αs
(
1 + 2π3
κ0
αs
)
. (26)
The second contribution stems from the tail of the in-
stanton in the weak field limit. It is natural to include
this term with the perturbative one-gluon exchange, sub-
tracting it from the truly instanton-induced amplitude.
The latter is infrared finite. A similar subtraction will
also be needed in the inelastic regime (see below).
2. gg → g
In the weak-field limit the fusion gg → g is best ana-
lyzed in momentum space using the Fourier transform of
(23),
Aaµ(k) =
πρ20
gk2
Rab ηaµν kν . (27)
In terms of (27) the fusion reaction in a single instanton
follows from
Γa1,a2,a3µ1,µ2,µ3 =
(
πρ20
g
)3
(Ra1,b1 η¯b1,µ1,ν1k1ν1)
(Ra2,b2η¯b2,µ2,ν2k2ν2)(R
a3,b3η¯b3,µ3,ν3k3ν3) , (28)
after using the LSZ amputated form of (27). Since R is
isomorph to the (3,3) representation of SU(2), we note
the identity
RabRcdRef =
1
6
ǫace ǫbdf
3⊕
j=1
(2j + 1, 2j + 1) , (29)
in terms of irreducible representations. For convenience,
only the (1,1) contribution is explicitly quoted. Using
(29) and the identities for the ’t Hooft symbol, we obtain
Γa1,a2,a3µ1,µ2,µ3(k1, k2, k3) =
(
πρ20
g
)3
ǫa1,a2,a3 (30)
×(k1 · k3 (δµ2,µ3 k2µ1 − δµ1,µ2 k2µ3)
+k1 · k2 (δµ1,µ3 k3µ2 − δµ2,µ3 k3µ1)
+k2 · k3 (δµ1,µ2 k1µ3 − δµ1,µ3 k1µ2)
+k1µ2 k2µ3 k3µ1 − k1µ3 k2µ1 k3µ2
−ǫµ1,α,β,µ3 k1α k2β k3µ2 − ǫµ1,α,µ2,β k1α k2µ3 k3β
−k2 · k3 ǫµ1,µ2,µ3,α k1α + δµ2,µ3 ǫµ1,α,β,γ k1α k2β k3γ)
where only the (1, 1) contribution was retained. Since
k1 + k2 + k3 = 0 only part of this expression matches
kinematically the standard perturbative 3-gluon vertex,
thereby producing an instanton-induced contribution of
relative strength κ0/α
2
s. It can be regarded as the
instanton-induced contribution to the elementary BFKL
ladder. We note that the induced strength in the gluon
fusion is stronger than the relative strength of κ0/αs seen
in the exchange (26). This is a general feature of the in-
elastic processes as we now discuss.
IV. INELASTIC SCATTERING
To address inelastic amplitudes with instantons, the
eikonal approximation has to be relaxed. To achieve that
and elucidate further the character of the s-channel kine-
matics, we first derive a general result for on-shell quark
propagation in a localized background field in Minkowski
space. We then show how this result can be applied to in-
stanton dynamics to analyze inelastic parton-parton scat-
tering at high energy beyond the eikonal approximation
and ladder graphs. For simplicity, all the instanton alge-
bra will be carried out explicitly for Nc = 2.
A. Beyond the Eikonal Approximation
An on-shell massless quark propagating through a lo-
calized background A(x) with initial and final momenta
p1 and p2 follows from LSZ reduction
S(p1, p2;A(x)) ≡< p2|i~/∂ SF (x) i~/∂|p1 > , (31)
with i/∇SF = −1 the background (Feynman) propagator
in the instanton field. At large p+ momentum, the quark
propagates on a straight-line along the light-cone. This
limit can be used to organize (31) in powers of 1/p+. The
result is
S(p2, p1;A(x)) = ei(p2−p1)x
× u(p2) g/A
∞∑
n=0
(
i
2p1 · ∇ /∇
/p1 γ0
2p10
/∇
)n
×W−(x1+, x1−, x⊥)u(p1) , (32)
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where
W−(x1+, x1−, x⊥) =
Pc exp
(
− ig
2
∫ x1+
−∞
dx′+ A−(x
′
+, x1−, x⊥)
)
. (33)
The line-integral is carried along the p1-direction of the
original quark line with x1± = (p0x0 ± ~p · ~x)/p0. In the
limit p10 → ∞, only the n = 0 term contributes with
x1± = x± being just the light-cone coordinates, thereby
reproducing the eikonal result (33). The higher-order
terms are corrections to the eikonal-result, with the n = 1
term accounting for both recoil and spin effects.
B. Inelastic Amplitude
The imaginary part of the quark-quark inelastic am-
plitude follows from unitarity. Schematically,
Im Tif = Tin σnn T ∗nf , (34)
where σnn accounts for the phase space of the propa-
gating quarks and emitted intermediate gluons. The to-
tal cross section follows then from the optical theorem
σ = Im T /4s. Using the result (32), we have for the
total cross section in Minkowski space
σ =
1
4s
Im
∑
CD
∫
d[A] d[A′] ei(S[A]−S[A
′])
×
∫
d3K1
(2π)3
d3K2
(2π)3
1
2K10
1
2K20
×
(
∞∑
n=0
1
n!
n∏
i=1
∫
d3ki
(2π)3
1
2ki0
A(ki)A′∗(ki)
)
× 1
V T
∫
dx dy dx′ dy′
×ei(K1−p1)x+(K2−p2)y−(K1−p1)x′−i(K2−p2)y′
×SAC(K1, p1;A(x))S∗AC(K1, p1;A′(x′))
×SBD(K2, p2;A(y))S∗BD(K2, p2;A′(y′)) . (35)
The functional integration is understood over gauge-
fields (to be saturated by instantons in Euclidean space
after proper analytical continuation), with A(k) (A′(k))
the Fourier transform of the pertinent asymptotic of A
(A′) evaluated on mass shell. Similar expressions were
used for sphaleron-mediated gluon fusion [5]. The differ-
ence with the present case is the occurrence of quarks in
both the initial, intermediate and final states. The sum in
(35) exponentiates into the so-called R-term, which acts
as an induced interaction between the A and A′ config-
urations in the double functional integral (35). We will
refer to it as S(A,A′).
The gauge fields carried inside the on-shell quark prop-
agators S involve virtual exchange of background quanta
with no contribution to the cut. In contrast, the on-shell
gluons A(k) are real and the sole contributors to the cut.
The n = 0 term in (35) in the large p+ limit reduces
to the quasi-inelastic contribution discussed above. The
term of order n involves n-intermediate on-shell gluons
plus two on-shell quarks, and contributes to the bulk of
the inelastic amplitude.
The general result (35) involves no kinematical ap-
proximation regarding the in/out quark states. At high-
energy, all 1/p+ effects in (32) can be dropped to leading
ln s accuracy except in the exponent. As a result, (35)
simplifies dramatically,
σ ≈ 1
4V T
Im
∑
CD
1
(2π)6
∫
dq1+ dq1⊥ dq2− dq2⊥
×
∫
[dA][dA′] eiS(A)−iS(A
′)+iS(A,A′)
×
∫
dx−dx⊥dy+dy⊥ e
i
2
q1+x−−iq1⊥x⊥+
i
2
q2−y+−iq2⊥y⊥
× (W−(∞, x−, x⊥)− 1)AC (W+(y+,∞, y⊥)− 1)BD
×
∫
dx′−dx
′
⊥dy
′
+dy
′
⊥ e
i
2
q1+x
′
−
−iq1⊥x
′
⊥
+ i
2
q2−y
′
+−iq2⊥y
′
⊥
× (W−(∞, x′−, x′⊥)− 1)∗AC (W+(y′+,∞, y′⊥)− 1)∗BD .
(36)
Overall, the scattering amplitude follows from the imag-
inary part of a retarded 4-point correlation function in
Minkowski space. This correlation function follows from
a doubling of the fields, a situation reminiscent of thermo-
field dynamics.
To proceed further, some dynamical approximations
are needed. Let us assume that the double-functional
integral in (36) involves some background field configu-
rations characterized by a set of collective variables (still
in Minkowski space), say I = Z,R, ρ, for position, color
orientation respectively. Let z = Z − Z ′ be the relative
collective position. Simple shifts of integrations, produce
eiQz = e
i
2
q1+z−+
i
2
q2−z+−i(q1+q2)⊥ z⊥ , (37)
with no dependence on Z,Z ′ in the W’s. The integra-
tion over the location of the CM (Z + Z ′)/2 produces
V T which cancels the 1/V T in front, due to overall
translational invariance. The integration over the rel-
ative coordinate z produces a function of the invariant
Q2 = q1+q2− − (q1 + q2)2⊥ because of Lorentz invariance.
With this observation and to leading logarithm accuracy,
we may rewrite (36) as follows
σ ≈ 1
4
lns Im
∑
CD
1
(2π)6
∫
dQ2 dq1⊥ dq2⊥
×
∫
dz dI˙ dI˙ ′ eiQz+iS(I˙)−iS(I˙
′)+iS(I˙,I˙′,z)
×
∫
dx−dx⊥dy+dy⊥ e
−iq1⊥x⊥−iq2⊥y⊥
× (W−(∞, x−, x⊥)− 1)AC (W+(y+,∞, y⊥)− 1)BD
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×
∫
dx′−dx
′
⊥dy
′
+dy
′
⊥ e
−iq1⊥x
′
⊥
−iq2⊥y
′
⊥
× (W−(∞, x′−, x′⊥)− 1)∗AC (W+(y′+,∞, y′⊥)− 1)∗BD .
(38)
Note that the omitted exponents e
i
2
q+x− etc. are sub-
leading in leading logarithm accuracy. The dotted inte-
grations no longer involve the collective variables Z,Z ′.
The only left dependence on the relative variable z resides
in the induced R-term. The appearance of ln s underlines
the fact that the integrand in (38) involves only Q2 which
is the transferred mass in the inelastic half of the forward
amplitude, and q1,2⊥ which are the transferred momenta
through the quark form-factors.
All kinematical approximations in this section were
carried out in Minkowski space, a point stressed in our
earlier work [6]. The result is (38) to leading logarithm
accuracy. This is one of our main result, showing that
the inelastic contributions to the forward quark-quark
scattering amplitude cause the latter to rise with lns, ir-
respective of the background field used. The outcome
(38) is now ripe for an analysis in Euclidean space using
lattice Monte-Carlo simulations or instantons as we now
discuss.
C. Instanton-Antiinstanton Interaction
The general W correlation function made of the four
W’s in (36) for fixed kinematics Q, q1⊥, q2⊥, is best an-
alyzed in Euclidean space, where the W’s are defined
at a rapidity θ and Q2E = −Q2 < 0. The dominant
background configurations at QE z ≫ 1 are instanton-
antiinstanton configurations. Specifically
W ≈ 1
4
n20
∑
CD
∫
d4z dR dR′ eiQEz e−S(z,RR
′−1)
×
∫
d3x d3y d3x′ d3y′e−iq1⊥(x−x
′)−iq2⊥(y−y
′)
×((cosα− 1)AC − iRaα nα (τa)AC sinα )
×((cosα− 1)BD − iRbβ nβ (τb)BD sinα )
×((cosα′ − 1)AC + iR′a
′α′
n′
α′
(τa
′
)∗AC sinα
′ )
×((cosα′ − 1)BD + iR′b
′β′
n′
β′
τb
′ ∗
BD sinα
′ ) ,
(39)
where the variables x, x′ are defined on a tilted Wilson
line of angle θ with x4, and y, y
′ on an untilted Wilson
line running along y4. The instanton-antiinstanton inter-
action is known precisely in leading order,
S(z,RR′
−1
) =
4π
αs
(3 u20 − 1)
(
−2ρ
2
0
z4
+ 8
ρ60
z6
+ ...
)
, (40)
with u0 = TrU/2 and the unitary parameterization of
the orthogonal matrices
(
RR′
−1
)αβ
=
1
2
Tr(Uτα U †τβ) . (41)
The first contribution in (40) is the well-known dipole
contribution, which is known to match exactly the R-
contribution stemming from the exponentiation of re-
tarded gluons from instanton vertices [5].
There are many contributions in (39). However, we
note that in Minkowski space, the dominant contribution
while continuing in θ involves RRRR. From here on, it
will be the only one retained. With this in mind, we
carry first the integration over the collective variable R
and R′ in the SU(2) case by explicitly carrying part of
the group integration. Setting u0 = cosχ, and averaging
over SU(2) gives
RRRR = (42)
+
2
π
I1 n · n′ n · n′
+
2
3π
I2 (−2n · n′ n · n′ + 4(n · nn′ · n′ − n · n′ n′ · n))
+
2
15π
I3 (−n · n′ n · n′ + 4(n · nn′ · n′ + n · n′ n′ · n)) ,
with
Ik =
∫ pi
0
dχ sin2kχ cos6−2kχ e−S(z,cos
2χ) (43)
for k = 1, 2, 3. Inserting (43) back into (39) and perform-
ing the analytical continuation back to Minkowski space
shows that only the combination
(n · nn′ · n′ + n · n′ n′ · n) ,
survives. The result is
W(Q, q1⊥, q2⊥) = (8π5) 12 K(q1⊥, q2⊥)
×Im n20
∫ ∞
0
dR
(
R
Q
) 3
2
∫ pi
0
dχ sin6χ eQR−S(R,cos
2χ) ,
(44)
with the induced kernel
K(q1⊥, q2⊥) = |J(q1⊥) · J(q2⊥) + J(q1⊥)× J(q2⊥)|2 , (45)
We have introduced our generic instanton-induced form-
factor
J(q⊥) =
∫
dx3 dx⊥ e
−iq⊥x
x⊥
|x| sin
(
π |x|√
x2 + ρ20
)
. (46)
which is purely imaginary,
J(q⊥) = −i qˆ⊥√
q⊥
∫ ∞
0
dxJ3/2(q⊥x)
×
(
(2 πx)3/2 sin
(
π |x|√
x2 + ρ20
))
. (47)
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Here J3/2 is a half-integer Bessel function. In the weak-
field limit the instanton contributes a term 3
√
x/x2 ≈
1/
√
x that causes the instanton-induced form factor to
diverge. This divergence is analogous to the one encoun-
tered in QQ → QQ. The behavior of (47) is shown in
Fig. 2 (top points). Apart from the unphysical (perturba-
tive) singularity at small q⊥, the instanton-induced form
factor can be parameterized by a simple exponential
J(q⊥) ≈ −i qˆ⊥ 50 e−1.3q⊥ ρ0 , (48)
which is the solid line shown in Fig. 2. We note that
this is very different from just the Fourier transform of
the instanton field used as a form-factor in [11] (see fur-
ther discussion in section VIB below). Throughout, the
tail of the instanton will be subtracted resulting into a
renormalization of the perturbative result.
1.
5.
.1e2
.5e2
0.5 1 1.5 2 2.5 3
q1
FIG. 2. The induced instanton form-factor |J(q⊥)|
(points) and its parameterization (48) (solid line) versus
q1 = q⊥ρ0. The four set of points (counting from top to
bottom) correspond to different parameterizations of the in-
stanton shape (see section VC below) a = 0, 0.25, 0.50, 0.75
(top to bottom).
The imaginary part of (46) is readily assessed in the
dipole approximation by retaining only the first contri-
bution in (40). Carrying the R and γ integrations by sad-
dle point we obtain a purely imaginary result to leading
order owing to the unstable mode around the instanton-
antiinstanton configuration. The result for the total cross
section is
σ ≈ πρ20 κ20 ln s
16
15
1
(2π)8
∫
dq1⊥ dq2⊥ K(q1⊥, q2⊥)
×Im i C α 310
∫ ∞
(q1+q2)2⊥
dQ2
e
5
2
(2piQ4/α)1/5
Q37/10
, (49)
with C a number inherited from the R- and χ-saddle
points,
C = 10
√
6 (2π)
1
5
(
16π
3
)3
. (50)
All the integrations are over dimensionless variables re-
expressed in units of the instanton size ρ0. From here
on, this will be assumed unless indicated otherwise. The
Q-integration diverges at the upper end. This is not sur-
prising since the dipole-approximation is valid for small
invariant mass Q2 or large separation z. As Q2 increases,
the higher order contributions in (40) become important.
This is the realm of the streamline as we now discuss.
D. Streamline
In the Euclidean regime QEz ≈ 1, the instanton-
antiinstanton overlaps as their interaction becomes
strong. In this case, it is more appropriate to use the
streamline configuration, which is a gauge configura-
tion that interpolates between an instanton-antiinstanton
asymptotically and the vacuum, following the path of
least action (valley). A very good parameterization of
the streamline follows from conformal symmetry. In par-
ticular
S(z, cos2χ) = a(z) + b(z) cos2 χ+ c(z) cos4 χ , (51)
where a(z), b(z) and c(z) are known functions of z [13].
Using (51) in the saddle point approximation carried
above, allows for a better assessment of the Q2-integrand
in (49). In particular,
Cα
3
10
e
5
2
(2piQ4/α)1/5
Q37/10
→ B(Q) = eF (Q/Qs) , (52)
where Q2s is the sphaleron invariant mass squared. The
streamline configuration allows us to extend the validity
of the dipole approximation to higher Q2, through the
holy-grail function F . The specific form of F will not be
needed if unitarization takes place as we now show.
E. Multi-instantons and Unitarization
The inelastic contributions to the quark-quark scat-
tering amplitude causes the total cross section to grow
rapidly with the longitudinal energy transferred Q2.
Since the streamline configuration leads eventually to
the vacuum, one may be tempted to argue that this
generates unsuppressed multi-gluon production with un-
bounded cross section [15]. This conclusion is physically
incorrect.
Indeed, in the analogous problem of baryon number
violation in the standard model, Zakharov [15] has ar-
gued that for Q ≈ Qs the rise in the cross section
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has to stop because of unitarity constraints. Mag-
giore and Shifman [16] suggested that as Q2 increases,
or equivalently as the instanton-antiinstanton separa-
tion decreases, multi-instanton effects become important.
Unitarization can be simply enforced by resumming a
chain of alternating instanton-antiinstanton configura-
tions, leading to a unitarized amplitude confirming Za-
kharov’s observations.
Following on Maggiore and Shifman suggestion in the
baryon number violation problem, we perform the large
Q2 integration in (49) using iterated multi-instanton con-
tributions. This is similar to (although different from)
the usual treatment of resonances, when the attractive
interaction is iterated and leads to a Breit-Wigner result.
Specifically, the imaginary part in (49) now reads
∞∑
n=1
κ0 (κ0 i B(Q))
n
, (53)
for alternating insertions of instantons and antiinstantons
(chain). Each factor of iB results from the insertion of an
extra instanton or antiinstanton on the chain, producing
a bond with an extra unstable mode. Hence, the total
cross section is
σ ≈ π ρ20 ln s
16
15
1
(2π)8
∫
dq1⊥ dq2⊥ K(q1⊥, q2⊥)
×κ0
∫ ∞
(q1+q2)2⊥
dQ2
κ0B(Q)
1 + κ20B(Q)
2
. (54)
The integrand in (54) rises with B(Q) as expected in
the small Q regime and falls off as 1/B(Q) due to unita-
rization. The dominant contribution takes place at the
sphaleron invariant mass
B(Qs) ≈ 1/κ0 (55)
for which the total cross section (40) becomes
σ ≈ πρ20 ln s κ0
16
15
1
(2π)8
∫
dq1⊥ dq2⊥ K(q1⊥, q2⊥) . (56)
Note that under the condition (55) the Q2-integration
amounts to a number of order 1, a measure of the area
under the curve peaked at Qs with maximum 1/2 and
width of order 1. The rise in the partial inelastic cross
section due to multi-instanton effects results into an in-
crease of the cross section by one power of the diluteness
factor which is about a 100-fold increase. The inelastic
cross section grows logarithmically with s, in contrast to
our original quasi-elastic estimate [6].
The energy following from (55) implies that half of the
original instanton-antiinstanton action of 2 × (8π2/g2)
is compensated by their attraction. In other words, the
s-exchange in the inelastic process starting from the vac-
uum is half-instanton. This is the transition from vacuum
to a static QCD sphaleron. This leads us to the follow-
ing important observation: at high energy, the inelas-
tic s-channel contributions to parton-parton scattering in
leading logarithm approximation are QCD sphalerons.
V. SOFT POMERON FROM INSTANTONS
In this section we will show that in the semiclassi-
cal analysis the parton-parton cross-section increases at
most as ln s, while the hadron-hadron cross section as
a polynomial in ln s, with a degree fixed by the num-
ber of hard collisions in the transverse plane. We show
that Reggeization follows when the number of collisions
becomes large.
A. Intercept
The parton-parton cross section at large
√
s with −t/s
small, receives contributions from both perturbative glu-
ons and instantons. Generically, the perturbative contri-
butions are
σ∗(s, t) ≈ π ρ2∗
(
(αs/π)
2 +#(αs/π)
3 ln s+ ...
)
, (57)
where 1/ρ∗ is some perturbative QCD cutoff scale, at
which the running αs should be defined. Instantons con-
tribute partly to the constant part of the cross section
term [6], along with other non-perturbative contribu-
tions. Fortunately, we do not have to go into all of this
by noting that the magnitude of the total quark-quark
cross section can be assessed in a model independent way.
Indeed, for
√
s ≈ 30GeV the pp cross section does not
grow yet, so that the sea quarks and gluonic contribu-
tions can be ignored. Hence, a simple additive quark
model estimate yields
σqq =
1
9
σpp ≈ 3.3mb (58)
where the inelastic cross section σpp ≈ 30 mb has been
used. Setting σqq = πr
2
0 we find that (58) reflects on a
typical scattering disk of radius r0 ≈ 1/3 fm.
The instanton contribution to the inelastic process,
yields a logarithmically growing cross section
σ(s, t) ≈ π ρ20 (#κ0 ln s+ ...) . (59)
Hence,
σ(s, t) ≈ π ρ2∗ (αs/π)2 + π ρ20 ∆(t) ln s (60)
with
∆(0) = κ0
16
15
1
(2π)8
∫
dq1⊥ dq2⊥ K(q1⊥, q2⊥) . (61)
Using (45) we note that the spin-0 and spin-1 parts con-
tribute equally to the intercept, giving
∆(0) = κ0
16
15
1
(2π)8
(∫ ∞
0
dqG2(q)
)2
, (62)
where we have defined the scalar form-factor G as
10
J(q) = −i qˆ√
q
G(q)√
2π
. (63)
A numerical estimate of (62) can be made using the pa-
rameterization (48) which removes the unphysical singu-
larity at q⊥ = 0. The result is
∆(0) = 2.37 κ0 ≈ 0.03 , (64)
which is smaller than the phenomenological intercept of
0.08 [21] for the soft pomeron. This is of no concern, since
the instanton density itself is known within a factor 2 and
maybe updated upward 7. Additional effects absent in
the present instanton estimate will be discussed below.
Our main conclusion is that the smallness of the soft
pomeron intercept directly reflects on the diluteness of
the instantons in the QCD vacuum, thereby providing
us with a first hand empirical glimpse to this important
parameter.
B. Slope
The t-dependence in the parton-parton cross section
follows from the inelastic processes with net momentum
flow in the t-channel. We can change minimally the for-
ward scattering amplitude to allow for this, leading to
the following expression
∆(t) = κ0
16
15
1
(2π)8
∫
dq1⊥ dq2⊥ H(q1⊥, q2⊥; t) , (65)
with the new t-dependent induced kernel (t = −q2⊥)
H(q1⊥, q2⊥; t) ≡
(J(q1⊥ − q⊥/2) · J(q2⊥ − q⊥/2)
+J(q1⊥ − q⊥/2)× J(q2⊥ − q⊥/2))
×(J(q1⊥ + q⊥/2) · J(q2⊥ + q⊥/2)
+J(q1⊥ + q⊥/2)× J(q2⊥ + q⊥/2))∗ . (66)
The form factors are defined as in (46-47). For t ≈ 0, we
have ∆(t) ≈ ∆(0) + t∆′(0. The slope parameter ∆′(0)
follows from a Taylor expansion of (65) after integration.
Using (48) which removes the unphysical singularity at
q⊥ ≈ 0 (related to the perturbative singularity discussed
earlier in QQ → QQ scattering), we can perform the
double integrations in (65) to obtain H(q2⊥) as shown
in Fig. 3. Modulo the pre-factors in (65) this is just
7Lattice studies confirm the “standard” value quoted above,
in the “deep cooling” regime, where only well separated in-
stantons relevant for chiral symmetry breaking are retained.
The vacuum contains also a large density of close instanton-
antiinstanton pairs eliminated by “cooling”. Those are irrel-
evant for the light quark condensate but are relevant for high
energy scattering.
the pomeron trajectory for t < 0 (physical region). The
upper curve refers to instantons with unmodified vac-
uum sizes (a = 0), while the lower curve corresponds to
slightly smaller instantons (a = 0.25). The trajectory
never crosses zero, implying that the cross section grows
in the physical region with increasing
√−t.
We note that the trajectories decrease rapidly with in-
creasing
√−t, showing that most of the variation is lo-
cated around 0. The induced trajectories are sensitive
to the instanton size through a rescaling of the induced
form-factor by the parameter a. Indeed, the slope ∆′(0)
relates to the pomeron slope through,
∆′(0) = α′ = (0.5− 0.2)/GeV2 , (67)
with 0.5 corresponding to the unmodified instanton in-
duced form factor (a = 0) and 0.2 corresponding to a
scaled down instanton induced form factor (a = 0.25).
Our main point is that the smallness of the soft
pomeron intercept α′ reflects directly on the smallness
of the squared instanton radius. Our trajectory curves
are similar to those reported by KKL [11] (who also con-
tinued their trajectories to the unphysical region t > 0).
However, this comparison is only qualitative, since the
induced form factor used in KKL differs fundamentally
from the one we have derived (see discussion below). The
issue of the size dependence was not addressed in [11].
0 0.2 0.4
(q rho)^2
0
0.2
0.4
0.6
0.8
1
H
(q^
2)/
H(
0)
alpha=0
alpha=.25
FIG. 3. Instanton-induced form factor H(q2⊥) at the ori-
gin of the soft Pomeron trajectory, normalized to its value at
t = 0, versus −tρ20 = q2⊥ρ20. The squares refer to the unmodi-
fied instanton shape and the circles to the modified one.
C. Instanton Shape Dependence
An ensemble of instantons in the QCD vacuum is al-
ways described by retaining the instanton configurations
in the singular gauge, where the topological singularity is
11
located at the instanton center8. In the singular gauge,
the instanton gauge field falls off as A ≈ ρ20/x3 at large
x, providing a ground for a dilute analysis. By keeping
the topological properties at the center, a modification
of the “tail” of the gauge field at large distances may
be allowed. Moreover, since the semi-classical analysis
holds only for strong fields, these tail modifications are
in general expected.
There are many effects which can modify the tail of the
instantons, an example is through interactions. Indeed
an early variational estimate of the instanton vacuum
energy using exponentially modified instanton form fac-
tors such as e−a x/ρ0 [23] show a minimum at a ≈ 0.5.
Other possible reasons for instanton-shape modifications
can be due to confinement as discussed in the context
of the QCD dual superconductor [24]. Lattice studies of
various gluonic correlators also show rapid exponential
fall-off. Thinking about the lowest glueballs, with their
2 GeV mass scales as 2-gluon bound state, may imply an
even larger sizing down with a ≈ 1.
Interestingly enough, the phenomenological issue re-
garding the instanton shape has never been seriously ad-
dressed. It is because (to our knowledge) all previous
applications of instanton physics in QCD were found to
be generally insensitive to it. Indeed, most applications
(see [3]) are related to light quarks and fermionic zero
modes, which exist and are normalized independently of
the instanton field. Also, the correlators of the scalar
field strength combination G2µν [25] are instanton-shape
insensitive since they fall-off rapidly at large x (as 1/x8
in perturbation theory). This is in sharp contrast to the
present case, where the induced form factors fall-off as
1/x2⊥ and their integrated effect in the transverse plane
(through dx⊥) diverges logarithmically.
Instanton-shape modifications cause our results (inter-
cept and slope) to change quantitativaly, showing the
limitations in the present analysis. To illustrate this,
consider changing the description from regular to singu-
lar gauge and inserting the exponential modifications in
the instanton tails. Hence, the argument in the definition
of the induced instanton form factor J changes accord-
ingly
π |x|√
x2 + ρ20
→ π
(
|x|√
x2 + ρ20
− 1
)
e−a |x|/ρ0 . (68)
The effect on the form-factor J is illustrated in Fig. 2.
In the unmodified case with a = 0 (top points) the form
factor rises towards small momentum transfer, which is
not the case for a > 0. As expected the modifications
due to a are small at large q2⊥.
8This is in contrast to the regular gauge where the singu-
larity is removed to the sphere at infinity. Some subtleties
regarding this transformation are discussed in [22].
D. Reggeization
Hadrons are usually composed of several partons, each
capable of a pair-collision in the transverse plane. Even
with only 3 quarks in a nucleon (ignoring “primordial”
glue etc), we have 3× 3 = 9 possible sub-collisions in the
NN case. Their probability depends on the quark distri-
bution in the transverse plane which is given by some per-
tinent light-cone wave functions. The latters will not be
important for the qualitative arguments to follow. The
chief argument is that since the hadron diffractive size
RH (RH ≈ 3r0 ≈ 1 fm) is large in comparison to the
interaction range, the maximum number of independent
collisions can be as large as N∗ ≈ R2H/ρ20 ≈ 10 ≫ 1. If
we treat those pair-collisions as statistically independent
(Poisson) and proceed to resum their respective probabil-
ities σ/πρ20, the total hadron-hadron cross section σHH
is
σHH (s, t) ≈ π R2H
N∗∑
n=1
1
n!
(
σ(s, t)
πρ20
)n
, (69)
which is a polynomial in ln s of degree N∗ ≈ 10. Since
(69) is a polynomial in κ0 ≈ 0.01 as well, the expansion is
well approximated by its two first terms within the Frois-
sart bound. Note that by considering N∗ to be infinite,
we obtain a reggeized cross section (ρ∗ ≈ ρ0)
σHH (s, t) ≈ π R2H
(
eαs/pi s∆(t) − 1
)
, (70)
with an asymptote s∆(t) fixed by the instanton density.
We now proceed to compare our analysis and results to
recent suggestions, as well as discuss the limitations of
some of our assumptions.
VI. WEAK-FIELD APPROXIMATION
In this section we will provide some qualitative ar-
guments regarding the relationship between the semi-
classical analysis carried above and the weak-field ap-
proximation used in previous analyses, e.g. in KKL [11].
A. Weizsacker-Williams Approximation
Consider that each hard parton is surrounded by a
cloud of wee partons making a virtual Coulomb field in
its rest frame. A hard parton with large rapidity y (not
to be confused with a y-coordinate in this section) going
through a classical field, radiates quasi-real gluons
Q(p)→ Q(k) + g∗(q) (71)
with a Weizsacker-Williams distribution
dNWW ≈ αs
π
dω
ω
dq2⊥
q2⊥
F2E(q
2
⊥) , (72)
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for fixed energy ω = q0 and transverse momentum.
Terms of order ω/
√
s and q2⊥/s have been ignored. FE
is the color-electric Sachs form-factor of the hard par-
ton induced by the classical field, which is 1 for a point
charge.
Hard parton-parton scattering in the Weizsacker-
Williams approximation follows in two stages
Q(p1) +Q(p2)→ Q(k1) +Q(k2)
+ (g∗(q1) + g
∗(q2)→ X(q1 + q2)) , (73)
from which the inelastic cross section follows by convolut-
ing the entrance fluxes (71) with the gluon-gluon fusion
cross section. Setting dy = dω/ω we have
dσ ≈
(αs
π
)2 dq21⊥
q21⊥
dq22⊥
q22⊥
dy1 dy2
×F2E(q21⊥)F2E(q22⊥) σgg(q1⊥ − q2⊥, y1 − y2) . (74)
The total fusion cross section sums over all the exclusive
cross sections in (73). In particular, it depends only on
the rapidity difference (the energy of the gg sub-process)
and the transferred transverse momentum. Thus, one
can integrate over the CM rapidity Y = (y1 + y2)/2,
which is bracketed by the rapidity of the original hard
partons, leading to the standard ln s enhancement. The
logarithmic rise in the inelastic cross section is just a
measure of the available longitudinal phase space of the
produced subsystem. The magnitude of the rise depends
on the exclusive cross section σgg→X summed over all
final states X, and the induced form factors that we now
discuss.
B. Induced Form-Factors
The instanton induced form factors are important ele-
ments of the high-energy scattering calculations we have
described. They make all transfer integrations finite,
thereby determining the magnitude of the cross section.
They also keep the instanton effects from being part of
the hard processes. In a recent investigation by KKL [11],
the instanton induced form factor (now in absolute units)
FE(q
2
⊥) ≈
1
(q⊥ρ0)4
(
1− 1
2
(q⊥ ρ0)
2 K2(q⊥ρ0)
)
, (75)
was derived using the weak-field limit. (75) is simply
the Fourier transform of the instanton field (27). The
weak-field approximation is justified if only a single-gluon
exchange between the through-going parton and the in-
stanton is registered. The single-gluon approximation is
justified when the parton impact parameter exceeds the
instanton size ρ0, which is equivalent to q⊥ ρ0 ≪ 1. But
in this case, the form factor (75) reduces to 1.
In general, the parton-instanton interaction takes place
when the incoming parton punches through the instan-
ton at an impact parameter comparable to the instanton
size ρ0, for which q⊥ ρ0 ≤ 1. Hence, we cannot use the
weak field approximation and the induced form factors
are given by Wilson-lines
FE(q
2
⊥) ≈
∫
d3x
ρ30
eiq⊥·x (W(∞, x⊥, x3)− 1) , (76)
with open color indices (see above). Our induced form
factors resum multiple gluon exchanges, in contrast to
those discussed by KKL [11].
VII. ADDITIONAL DIFFRACTIVE
CONTRIBUTIONS
Throughout two semiclassical resummations were
used: (i) the eikonalized phases which resum multi-
ple interaction with the through-going partons, and (ii)
the produced gluons which resum into an instanton-
antiinstanton interaction. In this section, we discuss ad-
ditional effects that we have not retained.
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FIG. 4. The interference (a) and interaction (b) diagrams
not included in our analysis.
A. Interference and Interaction
The diagrams shown in Fig. 4 describe additional in-
terference (a) and interaction (b) effects between the glu-
onic radiation from the hard partons and the instanton,
which we have not considered in our analysis. The in-
terference of the radiation (a) with the instantons can
be argued to be small, for the following reason. Kine-
matically the radiation from the external line has a flat
rapidity distribution extending all the way to the rapidity
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of the hard parton (see the Weizsacker-Williams approx-
imation), while instantons produce about S0 ≈ 10 − 15
gluons within a cluster occupying one unit in rapidity
space. The overlap between the radiation and the 10-15
gluons is about 1/ln s thereby compensating the logarith-
mic growth in the cross section.
A possible way to include the radiation effects is to
calculate the eikonal factors W in the combined field of
an instanton-antiinstanton in the simplest sum ansatz.
The interaction diagrams (b) can then be viewed as ad-
ditional corrections to this simple ansatz, diagrammat-
ically describing a more appropriate solution. Since no
analytical formulae for path-order exponents in a field
more complicated than that of a single instanton is avail-
able, inclusion of those corrections would complicate the
present analysis considerably. We hope to report on these
effects elsewhere.
B. Additional Partons
As we did emphasize at the beginning of this paper,
our analysis of the collision processes is based on the
parton model, whereby the parton-parton cross sections
(evaluated) are separated from the hadronic wave func-
tions (not evaluated). The separation depends on what
is exactly meant by our distinction of a parton from
through-going quark, which is of course scale dependent.
In our case, the separation scale is set by the mean instan-
ton size ρ0 ≈ 1/(600MeV) ≈ 1/3 fm. This choice may
appear to be in contradiction with the usual statement
that perturbative QCD cannot be used below the scale
of 1 GeV. However, there is no contradiction if those de-
viations from perturbative QCD are precisely due to the
instanton effects we account for. For phenomenological
and theoretical arguments in favor of this view-point in
the vacuum we refer to [3,26]. Our present analysis, ex-
tends these arguments to diffractive scattering. Although
we have ignored perturbative gluons and field-theoretical
renormalizations of all quantities discussed, we believe
they have to be included around our semi-classical treat-
ment for our results to be complete.
At the low normalization scale of order 0.6 GeV the
partons are dressed by their surrounding fields, pertur-
bative and non-perturbative, and for all purposes are ef-
fective objects. This is why we refered above to the nu-
cleon as being made of 3 quarks, the photon of a quark-
anti-quark, etc. Most of the glue and the sea quarks
and antiquarks seen in DIS structure functions reside in-
side those effective objects. The simplest part of the
dressings are “wee” partons included above in theW fac-
tors. These are mostly the perturbative fields surround-
ing the parton9. Still, not all parton dressing is pertur-
9 In the eikonalized form factors only the lowest coupling
bative. Indeed, in the simplest constituent quark model
for hadron spectroscopy the effective wave-function for
q¯q and qqq still requires the help of a confining poten-
tial, or a QCD string. Therefore our results should be
improved by including the corresponding effects of light-
cone wave-functions.
Finally, phenomenological structure functions, even
taken at low normalization points, do exhibit a non-zero
gluon density. This suggests that there are also through-
going gluons inside the high energy nucleon or photon10,
for which the instanton-induced cross section has not
been assessed yet. There is no technical difficulty to do
so along the lines we have presented, and we expect their
cross section to be generally larger, improving the agree-
ment between our theoretical prediction and empirical
rate of the cross section growth.
VIII. CONCLUSIONS AND OUTLOOK
In this work we have extended our evaluation of the in-
stanton contribution to the scattering of partons at large√
s and small −t/s, from quasi-elastic to inelastic colli-
sions. The present findings and results support our orig-
inal analysis [6] stressing the importance of instantons
in high-energy and near-forward scattering amplitudes
in QCD. Although our analysis differs significantly from
the one recently reported by KKL in [11], the underly-
ing physics is about the same. All in all, instantons are
shown to play a significant role in diffractive processes.
Throughout, we have tried to make a consistent use
of purely semiclassical treatments. The interactions with
the through-going partons are included in the eikonal-
ized factors, with any number of gluons, and the in-
elastic production of any number of gluons is summed
into an instanton-anti-instanton interaction. Both ap-
proaches have been developed previously, but their com-
bined application to the soft pomeron problem is new.
At higher invariant masses of the produced system, we
also carried out unitarity considerations (through a chain
of alternating instanton and antiinstanton) in somewhat
more details than it has been done previously.
Major differences between quasi-elastic and inelastic
processes have been found. (i) The production of an in-
through g was retained. This is supported by experimen-
tal data from HERA, showing that at the low normalization
point Q2 ≈ 1GeV2, the gluonic density is about flat (even de-
creasing) towards small x. If there is a need to describe hard
processes, then additional diagrams as for instance those re-
tained in the DGLAP evolution, should be included to reach
higher normalization points and account for the growing gluon
density towards small x.
10In the stochastic vacuum model [27], those gluon-
exchanges originating from the canvassing strings are assumed
to be even dominant in the hadronic cross section.
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termediate multi-gluon system leads to a ln s growth in
the total cross section, opening up the possibility to ex-
plain soft pomeron physics after pertinent resummation.
(ii) The inelastic cross section is much larger, in fact it is
parametrically larger by an inverse power of the instan-
ton diluteness parameter (about a factor of 100). The
pomeron intercept is small because it is simply propor-
tional to the small instanton diluteness parameter in the
QCD vacuum. (iii) The pomeron slope is small, because
it is directly related to the instanton induced form-factors
on the eikonalized hard partons, hence to small instan-
ton sizes in the QCD vacuum. (iv) For the first time
in QCD applications of instantons, we have found that
the instanton shape at large distances from the center
can actually impact on a physical observable such as the
pomeron slope.
Our work can be extended in a number of ways. The
most straightforward extension is to small size dipoles [6]
and gluons as partons participating in scattering. Small
size dipole scattering is related to processes with virtual
photons, such as γ∗ h and γ∗ γ and even γ∗ γ∗ with two
virtual photons. The next set of questions which can be
also addressed in the present framework relates to the
nature of the produced multi-gluon systems in the exclu-
sive reactions, or the “sphaleron decay” problem. The
total cross section we evaluated can be decomposed into
pertinent channels with given quantum numbers involv-
ing specific hadrons and glueballs. Since in the inelas-
tic processes, particle production is in general masked
by multiple production from string decays from the final
stage, we suggest to focus on double diffractive cross sec-
tions where the produced hadrons are selected alone and
separated by large rapidity gaps from the target and the
projectile.
Finally, one may ask what happens at very large ener-
gies. We have briefly discussed a semiclassical resum-
mation of our basic process, resulting in a cross sec-
tion growing as ln s. The total hadron-hadron cross
section resulted from a Poissonian resummation of pair-
independent parton-parton scatterings or bushes. We
have not addressed the issue of rescattering between the
produced gluons as in the instanton ladders considered in
KKL [11], although this can be explored beyond the semi-
classical framework we have detailed. Clearly, a thorough
comparison of the present ideas and results with the data
will eventually tells us if there is room for hypothetical
primordial small x partons, distinct from the usual dress-
ing of valence quarks and residing in different positions
in the transverse plane.
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